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Plan of talk

Plan

1. Mathematical background
e 2. Yacop/Sage architecture
Yacop/Sage

Sl 3. The Steenrod Tcl library
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Plan

Background

:- Moduli spaces

.- Elliptic curves

.- Formal groups

.- Fermionic helpers
.- Steenrod algebra
:- A resolution

.- A chart

Yacop/Sage

Steenrod

Moduli spaces

A moduli space M is usually described by
P space of parametrizations

C'  space of parameter changes

The pair (P, C) is a groupoid scheme.

Want to understand H* (M, L) for sheaves £ on M.

H° (M, w*) = some ring of modular forms.
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Yacop/Sage

Steenrod

Elliptic curves

Elliptic curve over C: E =C/A, A=7Z+ Zr
P =0 ={7|Imr > 0}

C = Sly(2)

Moduli space is the quotient /Sl>(7Z).
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Elliptic curves

Example: elliptic curves

P = SpecZlay, ..., ag] represents Weierstrass curves

y2 + a1y + azy = 3 4 asx® + asx + ag

C = Spec Op[r, s, t] represents coordinate changes?

r—x+r, Yyr—y—+sxr—+t

(P,C) is a description of Mgy,.

HY (./\/lEu,wk) = Zlcy, cs, A]/(12°A = ¢} — ¢2) + lots of torsion

lWe ignore the not so interesting = — vz, y — u>y.
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Formal groups

Plan A formal group is a power series z +rpy = . a; ;x'y’ with
Background 1,7>0
.- Moduli spaces

.- Elliptic curves O+F$:$‘|‘FO:$7 37‘|_Fy:y—|_F$

- Fermionic helpers (ZE 4+ y) ‘rz=x4+p (y +r Z)

.- Steenrod algebra

- A resolution

.- A chart Exam pleS:

Yacop/Sage

- THRY=T+Y

Steenrod

- T+RpY =2 +Y+ury

.- elliptic curve addition law

r+rpy=2x+y—axy — az(z’y + ry?)
— (2a32’y — (a1a9 — 3a3)x’y* + 2azxy’) + - - -
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Formal groups

p-locally the universal formal group law is

v4+py=ax+y+ Y vlu(z,y)+ many more terms
k>1

k

((a? +y)’

where I« (z,y) =

D I

P yp’“>_
Parameter space P = Spec Z,)|v1, v2, . . .].
Coordinate changes C' = Spec Oplt1, ta, . . ..
(P, C') describes Mgg.

Topologists are very interested in H* (Myg, £).
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Fermionic helpers

Can introduce anticommuting extra parameters to approach
the cohomology:

EP = SpeCZ<p)[Ul,U2, o ] X E(Mo,ul, .. .),
EC = Spec OEP[tl,tQ, o ] 0 E(TQ,Tl, .. .),

n .
Hn Z Uitﬁ_i + T
1=0

With ou,, = v, this gives a differential Hopf algebroid and
there is a spectral sequence

Ext(n(epo),ECH) = Ext(gpec) = H™ (Mrpg)

One has H(EP;0) =TF,. For H(EC,;0) see next page.
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Steenrod algebra

H(EC:;0) is the dual of the (odd) Steenrod algebra:

H(EC;0) =: Aidd — IFP[Q»CZ; ] ®E(10,71,.

J/

—: Ared(reduced part)
A4 represents the group of automorphisms
x>z + &aP + P 4 -
of the additive formal group.
Yacop computes resolutions for subalgebras of A°dd,

The subalgebra A(2)°44 dual to A%94/(¢E, (3, (>3, T1>3)
corresponds to Mgy for p = 2.
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Yacop/Sage

A resolution

The following code computes a resolution of A(2)°4 and

opens a GUI window to look at the result:

Steenrod

sage: # create resolution object wth
sage: # an i mnenory dat abase

sage. SGFR = St eenr odAl gebraG oundFi el dResol uti on
sage: C = SGFR(prinme=2,profile="7 {2 1}’ ,fil ename=": nenory:.

sage: # conpute up to di nension 50,
sage: tinme C. extend(s=40, n=50)
SYysS:

CPU tinmes: user 48.82 s,
Wwall tinme: 53.55 s

sage: # open w ndow
sage: C. gui ()

4.42 s,

t ot al :

filtration 40

53.24 s
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A chart

Plan

Mgn

Es-term of a spectral sequence for H* (

) © Ly

Background

.- Moduli spaces

nce Layout Lines
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Chart Appeara

.- Elliptic curves

B

.- Formal groups

30

.- Fermionic helpers

.- Steenrod algebra

25

- A resolution
- A chart

20

Yacop/Sage

15

Steenrod

10

[»

ators | 179 dimsimeter | yix: 0.7 | algebra: ext7 red 2-1 | prime: 2

4

| 3101 gener:

The classes in (z,y) = (8,4) resp. (12,5) represent ¢4, and cg.
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Background

Yacop/Sage

.- Architecture
.- Tkinter

.- Yacop objects
.- Data files

.- Fragments
.- Functions

Steenrod

Features

1. Resolutions C, of the ground field F, over B ¢ A°dd

2. For a right differential A°d4-module X computation of

F, ®4 (X AC,) andits homology Tor (X,F,)

3. Chain maps C, — D,.
This includes

(a) Multiplication on Extp(F,,F,)
(b) Change of rings maps Ext4 — Extp
(c) Frobenius map Ext%’ — Ext3”
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Architecture

Plan

Yacop is written in Tcl, so Sage needs its own Tcl installation.

Background

Yacop/Sage Tcl packages used:

.- Features

— Tcl/Tk 8.5.7  “Tool command language” Tcl
- Yacop objects + graphical Toolkit Tk

.- Data files ]

- Fragments TclOO 0.6 A new Tcl Object system,

- Functions will be standard in Tcl 8.6

Steenrod

sglite 3.6.13 SQLite database package
Steenrod Steenrod algebra package, written in C
Yacop Platform independent, written in Tcl

The Yacop codeisin. /1l ocal /|1 b/yacop if you want to
hack into it.
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Tkinter

Plan The communication between Python and Tcl uses the Tkinter

Background Python module.

Yacop/Sage

- Feat .

A Python can call Tcl and get a string result back.

- Yacop objects Tcl cannot call back into Python.

.- Data files

.- Fragments

- Funetions sage: inport TKinter

SISk sage: interp = Tkinter. Tcl ()
sage: iInterp.eval ("package require Steenrod")
1.0’
sage: interp.eval ("steenrod::prine 5 inverse 2")
7 31
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Yacop objects

Plan Sage uses a single Tcl interpreter for all objects.

Background

Yaiopfsage Every Yacop object has its own namespace in that interpreter.
- Features

.- Architecture

- Tkinter There is just one thread for all Tcl actions.

.- Data files

- Fragments sage: SGFR = St eenrodAl gebraG oundFi el dResol uti on

2 (AR sage: C = SGFR(prine=2,profile="7 {2 1}')

Steenrod sage: C.tcl.eval ("nanmespace current")

' iyacop-1242066772-1'
sage: C.tcl.eval ("""
catch {resol ution whatever} errnsg
set errnsg
")
'unknown net hod "whatever": nust be al gebra, config, db,
destroy, extend-to, isConplete, profnode or viewype’
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Data files

Elan Yacop stores its resolutions in SQLite database files.

Background

Files are under dat a/ yacop (use SAGE_DATA to customize).

Yacop/Sage

.- Features

You can access the data through

.- Architecture

.- Tkinter

- Yacop objects - the db subcommand of the Yacop Tcl object,
©aoment - the SQL-console of the GUI,

Steenrod - any SQLite capable application.

sglite3 datal/yacop/gfr-steenrod-3-E-1Rfull.db
sglite> select » fromgenerators where i deg-sdeg = 42;

row d | d basi d sdeg | deg edeg
26 10 0 3 45 1
128 8 8 50

0 6
152 6 0 9 51 3
173 3 0 10 52 4
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Fragments

Plan The differentials of the resolution (or the constituents of a
Background chain map) are usually stored in a fragments table:
Yacop/Sage
- Features CREATE TABLE fragnents(/* the sunmands of the differentijal
- Architecture row d i nteger prinmary key,
- Tkinter - srcgen integer, /* rowd of source generator =/
- e O targen integer, /* rowd of target generator =/
opi deg integer, /* internal degree of this piece */
S=p—— format text, /* how data is encoded */
dat a text [+ the data */);
Steenrod

To get the full differential of a generator g you have to sum up
all fragments with sr cgen =id(g). The dat a might need to
be decoded if f or mat isnottcl.targen should replace the
target information from dat a

The frag_decode(...) function does all this.
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Functions

Plan f rag_decode and other convenience functions are only
Background available if you access the database through Yacop/Sage.
Yacop/Sage

.- Features

Some examples:

- Architecture
- Tkinter

- Yacop objects select list(1,2,3) -- Tcl |ist

.- Data files 123

.- Fragments sel ect pyI | st ( 1, 2, 3) -- Pyt hon |i st

(1, 2,3)

SiEeed sel ect pydict(’ kurt’,’cobain,’ sd ,15) -- dictionary
{"kurt":cobain, "sd": 15}
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Background

Yacop/Sage

Steenrod

- Overview

:- Multiplication
.- Enumeration
.- Enumeration Il
- Monomaps

.- Linear algebra

Fragments

The differentials in Yacop internally look like this:

-- differential of generator for c_6
sel ect frag _decode(format, data,targen) fromfragnents
where srcgen in (select rowd fromgenerators

where sdeg=2 and i deg-sdeg=12)
{14 {0 1} 2} {11 {3 1} 2}
{152 3}
{13 {0 1} 4}

In the usual notation this means

d(ce) = (Q2P(0,1) + Qo P(3,1)) g2+QoQ2P*g3+QoQ1P(0,1)g4

A decorated Milnor basis element (a.k.a. “monomial”)
c- Q(e)P(R)gy Is represented by the Tcl list {c ¢ {R} k}.

An element of the Steenrod algebra (a.k.a. “polynomial”) is a
list of such monomials.
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Overview

Plan The Steenrod library provides optimized implementations for
Background some specialised tasks:

Yacop/Sage

Steenrod .- Steenrod algebra multiplication

.- Fragments

- Enumeration of basis of 4°4//B where B ¢ A Hopf

:- Multiplication

B subalgebra.

.- Enumeration |l

- Monomaps - Linear algebra over [,

.- Linear algebra
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Background

Yacop/Sage

Steenrod

.- Fragments

.- Overview

- Muliplication |
:- Enumeration

.- Enumeration Il

- Monomaps

.- Linear algebra

Multiplication

| ocal / bin/tclsh8.5

% package require Steenrod

1.0

% steenrod: :poly steenmult {{2 0 1 O0}} {{1 1 {} O}} 3
{2 110} {22 {} 0}

% steenrod: :poly steenmult {{1 0 4 0}} {{1 -5 {-3 -5 -2}
{1 -5{-3 -6} 0} {1 -3 {-1-5-2} 0}

The first computation means
2P Qo =2Q0P' +2Q1 (p=3).

The second uses Sq(—1 — R) = ¢ and stands for

P10 = GG + GG (p=2).

0}
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Enumeration

— | ocal / bi n/tcl sh8. 5
Background % package require Steenrod
Yacop/Sage 1.0
Steenrod % steenrod: : enunerator C -prine 2 -algebra {0 -1 {10 10 |10
- Fragments % C configure -genlist {{O O O} {1 5 1}}
= Overview % C configure -ideg 10 -edeg 2
:- Multiplication % C basi s
- Enumeration | ‘([)A)lcldizng]si{(l)nz 11} {1 3{01} 0} {1330} {1510} {16
- Monomaps
.- Linear algebra 6
% C seqno {1 3 3 0}
3

This code creates a free module on generators gy with

(i,e) = (0,0) and g; with (z,e) = (5,1). In bidegree (10, 2) that
module has dimension 6 and QyQ1P?3qg, is the 4th basis
element.
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Background
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.- Fragments

.- Overview

:- Multiplication
:- Enumeration
- Monomaps

.- Linear algebra

Enumeration I

The efficient computation of a resolution uses the
decomposition A = B® A//B.

Here we use the same C' but with prescribed
E(Qo) = B-components:

% C configure -profile {O 1 {} 0}
% C sigreset

% C cget -signature

00({} O

% C basi s

{1211} {16 {} 0}

% C si gnext

1

% C cget -signature

01{} O

% C basi s

{1121} {13{01} 0} {1330} {1510}
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.- Enumeration Il

:- Monomaps

.- Linear algebra

Monomaps

The function st eenr od: : Conput eMat ri X computes a map
¢ : C — D between free modules. The map must be given as
a “monomap” object.

st eenr od: : Conput eMat ri x and

st eenr od: : Conput el mage are more efficient than a
straightforward iteration using st eenr od: : pol y

st eennul t.
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Linear algebra

A simple example:

%set mat {{1 001} {3122} {1244} {12 2 3}}
{1001} {3122} {1244} {122 3}

% steenrod: :nmatri x orthonornalize 5 mat ker

% set mat

{1 001} {0124} {00 3 4}

% set ker

{0 3 1 0}
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